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INTEGRAL REPRESENTATION OF WEIL’S ELLIPTIC 

FUNCTIONS 


SU HU AND MIN-SOO KIM 

Abstract. In this paper, we give a two dimensional analogue of the 
Euler-MacLaurin summation formula. By using this formula, we obtain 
an integral representation of Weil’s elliptic functions which was intro¬ 
duced in the book “Elliptic functions according to Eisenstein and Kro- 
necker”. 


1. Introduction 

The Hurwitz-Lerch zeta function <h(z, s, a) is defined by 

(1-1) “) = E(^yy)7 

n=0 ^ ' 

for 


a E C\Zq; s E C when \z\ < 1; 3fJ(s) > k {k eN) when \z\ = 1. 

Here Zq = {0, —1, —2,...}, N is the set of positive integers, and C is the 
set of complex numbers (see 0). 

Letting z = 1 in fll.ll) . we have the Hurwitz zeta function 

OO ^ 

(1-2) = 

^ [a + n)^ 

Letting a = 1 in (II. 2p . we obtain the Riemann zeta function 


( 1 . 3 ) 


CQ(d = E 

n=l 


1 


Let Pi{x) = Bi{x — [x]) = X — [x] — 1 /2 he the hrst periodized Bernoulli 
polynomials, and {a:} = x — [x] be the fractional part of x. Recently, by 
using Euler-MacLaurin summation formula 
(1.4) 

<h(n) = 

OL<n<p 



<!>{x)dx+ / <h'{x)Pi{x)dx + Pi{a)<l>{a) - 


Coffey [H p. 81] gave an integral representation of the Hurwitz-Lerch zeta 
function <I)(z, s,a) fll.ll) as follows. 
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Proposition 1.1 (Coffey [T]). 
(1.5) 


<l>(^, s,a) 


1 , ^ 

^ 2(a+ 1)^ 


+ 



{x + a)' 


-dx + 



In 

{x + a)® 


sz^ 

{x + a)^+^ 


Pi{x)dx. 


Suppose ly is a lattice in the complex plane, oji and 1 x 2 are two generators 
of IP, so that W consists of the points w = nui + muj 2 , where n and m are 
integers. In his historical book “Elliptic functions according to Eisenstein 
and Kronecker” [3], generalizing the Hurwitz zeta functions (II.2p above, A. 
Weil [31 p. 14] introduced the following elliptic function: 


( 1 . 6 ) 


Eda, W) 


wSiW 


1 

(a + 


E 


1 

(a + nui + mu 2 Y 


for a ^ W, which is also a generalization of the homogeneous Eisenstein 
series dehned by 


(1.7) 


GdW)= 4 

Z- / yjK 

Oj^w£W 


E 

(n,m)GZ2\(0,0) 


1 

{nui + m(jj2Y 


As pointed out by Weil [H p. 14], the series fll.bp are absolutely con¬ 
vergent for A: > 3. If fc = 1 and k = 2, then Eisenstein makes use of a 
summatory process which we shall call Eisenstein summation., that is, 

( 1 . 8 ) 


E 

{n,m)£'I? 


1 

(a -|- nui + mu 2 Y 


m=M 


N 


lim 

M—>-CxD 


V lim V 

^ \ N^oo ^ 


ra=—M 


n=-N 


{a + nuji + 1 x 1002 )’^ 


In order to give an analogue of the above Coffey’s result for Weil’s el¬ 
liptic functions fll.bp . in this paper, we shall generalize Euler-MacLaurin 
summation formula fll.4p to a two dimensional case. 


Proposition 1.2 (Two dimensional summation formula). Suppose ^{x,y) = 


/(a + xui 

+ yu: 2 ) e C^([ai,/9i] x [a 2 ,(d 2 ]), we have 

(1.9) 

<h(n, m) = Ii + I 2 + I 3 + li, 


a 2 <m<ji 2 oi<n</3i 


where 



(1.10) 

J J [ai,/3i]x[o2,/32] 

^ , 9^x,y) 

^{x,y)+ Pi{x) 

, d^{w,y) d^^{x,y) ] 

+ dy + dxdy ^^^y^ 


rp 2 


12 = 


' OL2 


$(ai,2/)Pi(ai)-4>(/3i,2/)Pi(/3i) 


p / NO / A TD ( \-n ( 

-Pi(2/)Pi(ai)---Pi(2/)Pi(/?i, 


dy 


dy 


dy, 


( 1 . 11 ) 
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r-/3i 


h = 


( 1 . 12 ) 




^{x,a2)Pi{a2) - <1)(x,/32)Pi(/32) 




dx 


dx 


dx, 


and 


(1,13) 


Ia — Pi{ot 2 )Pi{oti)^{ai, 02 ) — Pi{a 2 )Pi{(di)^{f 3 i, 02 ) 

-Pi(/?2)Pi(«i)$(«i,/92) + Pi(/92)Pi(A)<^'(/9i,/92). 




0.2 


- > X 

«1 I3i 


Remark 1.3. From the above graph, we see that Ji, the hrst term in the 
right side of the above formula, is an integral inside the square [q!i,/ 5 i] x 
[q; 2 ,/ 52 ]- The second term I 2 and the third term J 3 are the integral along 
the boundary lines [ 02 ,/d 2 ] and [a\, (3\\, respectively. The fourth term J 4 is 
a sum at the four corner points (ai, 02 ), (/5i, 02 ), («!, (^ 2 )) (/di, /d 2 )- 

Thus Ji is corresponding to ^{x)dx + {x)Pi{x)dx (an integral 
inside the interval [a,/?]) in the Euler-MacLaurin summation formula (see 
fll.41) above), while the term /2 + Is + 1^ is corresponding to the term 
Pi(a)<F(a) —Pi(/5)$(/5) (a sum at the boundary points of the interval [a, j3]) 
in the Euler-MacLaurin summation formula fll.ip . 

The following is an integral representation of Weil’s elliptic function fll.bp 
which is an analogue of Proposition II.II on the integral representation of the 
Hurwitz-Lerch zeta function. 

Corollary 1.4. Suppose (xq, yo) £ is the point such that xqW\ +yoW2 = 
—a, for arbitrary small e > 0, we have 


Ek{a,W) 


E 


1 

(a -|- nui + mu 2 Y 


Ji + J2 + T3, 


(1.14) 
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where 


(1.15) 


(1.16) 


and 


(1.17) 


Ji = 


PiiVo + e) 


/_oo L(« + + iVo + 

[a + xwi + {yo - 

Wi 


+ k 
-k 


J2 = 


(a + xvji + (yo - e)w 2 )^+^ 

__ 

(a + xwi + (yo + €)w 2)^~^^ 

1 


Pi(x)Pi(yo - e) 


Pi(x)Pi(yo + e) 


dx, 


[-00,00]x[i/o+e,oo] L(® + + y'^ 2 )’^ 

Wi 


(a + xwi + yw2)’^~^^ 
W 2 

(a + xwi + yw2)^~^^ 
W 1 W 2 


Pi{x) 

Piiy) 


+ k(k + 1) 


= 


[a + xwi + yw2Y^‘^ 
1 


Pi(x)Pi(y) 


dxdy, 


[—oo,co] X [—OO,t/0~^] 
Wi 


(a + xwi + yw2)^~^^ 
W 2 

(a + xwi + yw2)’^~^^ 
W 1 W 2 


a + xwi + yw2Y 
Pi(x) 


Pi{y) 


+ k(k + 1) 


[a + xwi + yw2Y^‘^ 


Pi(x)Pi(y) 


dxdy. 


y 



^ X 


Remark 1.5. If k 

stood as 


1 and k = 2, then the integral should be under- 

roo rN 


= lim 

N^oo 


-N 
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In Sections 2 and 3, we shall prove Proposition 11.21 and Corollary 11.41 
respectively. 


2. Proof of Proposition 11.21 


The following Euler-MacLaurin summation formula will be used many 
times in our proof. 

( 2 . 1 ) 

$(n) = / ^x)dx+ / ^'{x)Pi{x)dx + Pi{a)^{a)-Pi{l3)^{l3). 

a<n<l3 

By taking <S(j/) = /(“ + nwi + yw-z) in (|23J, we have 

( 2 . 2 ) 

E E f{a + nwi + mw2) | = E f{a + nwi + yw2) | dy 

a2<ra<j32 V«i<n</3i / Voi<n</3i / 

df{a + nwi + yw2) 
dy 


r-ft 


+ 


E 

\ai<n</3i 


+ Pi{a2) 'Y fiaPnwiP a2W2) 

oi<n</3i 

-^l(/^2) Y + ld2W2). 

ai<n</3i 


By taking $(a;) = /(a + xwi + yw 2 ) in fl2.ip . we have 


'Yj f{a + nwi+mw2) 

ai<n</3i 




(2.3) 


+ 


/(a + xwi + yw 2 )dx 
9/(a + xwi + yw 2 ) 


' a\ 


dx 


Pi{x)dx 


+ Fi(ai)/(a + aiWi + yw 2 ) 

- Pi{/3i)f{a + /3iwi + yw 2 ). 


By taking $(x) = df(a+j^i+y^ 2 ) p^ve 


E 

ai<n</3i 


df{a + nwi + yw 2 ) df{a + xwi + yw 2 ) 


dy 


• ai 


dy 


dx 


(2.4) 


+ 


rPi d‘^f{a + xwi + yw2) 


dxdy 

df{a + aiWi + yw 2 ) 


Pi{x)dx 


Pi{ai)- 

Pim 


dy 

df{a + f3iwi + yw 2 ) 
dy 


Pi{y)dy 
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By taking $(a;) = /(a + xwi + 02^2) in (I 2 .ip . we have 


rPi 

f{a + nwi + a2W2)= / f{a + xwi + a2W2)dx 


ai<n</3i 


( 2 . 5 ) 


+ 


df{a + xwi + Q;2tf2) 


'ai 


dx 


Pi{x)dx 


+ Pi((ai)/(a + ttiWi + (y.2W2) 

- Pi{( 3 i)f{a + / 3 iWi + a2W2)- 


By taking $(x) = /(a + xwi + /32W2) in fl 2 .ip . we have 


^ /(a + nwi + (32W2) 

oi<n</3i 


f/3i 




( 2 . 6 ) 


+ 


/(a + xwi + f 32 W 2 )dx 
9/(a + xwi + /32in2) 


' Ql 


dx 


Pi{x)dx 


+ Pi{ai)f{a + ttiWi + / 92 W 2 ) 
~ -Pi(/^i)/(n + + (d2W2)- 







7 


Substituting fl 2 . 3 p . fl 2 . 4 p . fl 2 . 5 p . ( 12 . 61 ) into fl 2 . 2 p . we have 


E E /(a + nwi + mw2) = E E /(“+ 

a2<m<li2 ai<n<Pi a2<m</32 \ai<n</3i 


nwi + mW2) 


02 r /■/^i 


/(a + xwi + yw2)dx 


OL2 Q:i 


+ 


df{a + xwi + 2/1^2) 


'ai 


9a; 


Pi{x)dx 


+ 


PiMfia + aiWi + yw2) 
Fi(/3i)/(a + fdiwi + a/M;2) 
f /32 r r 0 i Of {a + xwi + |/ta2) 


0:2 Oil 


dy 


dy 

dx 


+ 


r0i Qp '+ xwi + yw2) 


Li 9 xdy 

df{a + aiWi + yw2) 


Pi{x)dx 


+ -Pi(«i)' 

- Pim 


dy 

df{a + / 3 iWi + |/m;2) 


9a/ 


Pi{y)dy 


Pl{0i2) 


f/3i 


/(a + xwi + a2W2)dx 


L-fai 


+ 


''P df{a + a;wi + 02102) 


fai 


dx 


Pi{x)dx 


+ Pi(ai)/(a + ttiWi + 02102 ) 
- Pi{( 3 i)f{a + ( 3 iWi + 02W2) 


PM) 


r0i 


f{a + xwi + l 32 W 2 )dx 


L-'OI 


df{a + xwi + /32W2) 


• a\ 


dx 


Pi{x)dx 


+ Pi(tti)/(a + OiWi + (32W2) 

— -Pi(A)/(® + + (^ 2 ^ 2 ) 
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This equals to 


f'h rPi 


' <y.2 


+ 


f{a + xwi + yw 2 )dxdy 
h Qfi^a + xwi + yw2) 


'0.2 0\ 


dx 


Pi{x)dxdy 


r‘/32 


+ Pi(ai) / f{a + aiwi + yw2)dy 
J 02 
rh 

- Pi{/3i) f{a + /3iwi + yw2)dy 
J 02 

02 rP gf(^a + xwi + yw2) 


+ 


dy 


Pi{y)dxdy 


rp2 

+ / / -- Pi[x)Pi[y)dxdy 


' 02 'J Oi 


dxdy 


p.u.) 

J 02 


' 02 

rPi 


dy 


+ Pi(a2) / f{a + xwiPa2W2)dx 


' Oi 


J Ol 

+ Pi (q;2)Pi (Q;i)/(a + ciiWi + a2W2) 

- Pi(tt2)Pi(/5i)/(a + /3iWi + q;2W2) 

rP 

- Pi{/d 2 ) / /(a + xwi +/ 92 W 2 )c?a; 

J 0 \ 


' o\ 


dx 


- Pi(/ 32 )Pi(ai)/(a + ttiwi + /32W2) 
+ -Pl(/^2)-Pl(/^l)/(fl + (dlWi + (32W2)- 
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Finally, we have 
(2.7) 


P 2 fPl 


E E f{a + nwi+mw 2 )= f f 

^ J OL'l J OL 


a 2 <m<f }2 ai<n<Pi 


+ 


f{a + xwi +yw2) 

Oi2 ^ Oil L 

df{a + xwi + yw2) 
dx 

df{a + xwi + yw2) 


dy 


Pi{x) 

Piiy) 


d‘^f{a + xwi + yw2) 


dxdy 


Pi{x)Pi{y) 


dxdy 


<■^2 


+ 


f{a + aiWi + yw2)Pi{ai) 


- f{a + PiWi + yw 2 )Pi{/ 3 i) 
df{a + aiWi + yw2) 


dy 

df{a + ( 3 iWi +yw2) 


dy 


Pi{y)Pi{ai) 

Pi{y)Pi{/ 3 i) 


dy 


f/3i 


+ 


/(a + xwi + a2W2)Pi{a2) 


- f{a + xwi + ( 32 W 2 )Pi{(d 2 ) 
df{a + xwi + 02 ^ 2 ) 


dx 

df{a + xwi + 132W2) 
dx 


Pi (x) Pi ( 02 ) 
Pi{x)P^{f52) 


dx 


+ Pi[o'2)Pl{o^i)f{ci + OliWx + CX2W2) 

- Pi{a 2 )Pi{( 3 i)f{a + ( 3 iWi + 02^2) 

- Pi(/?2)Pi(ai)/(a + ai^i + (d2W2) 
+ Pl{P2)Pl{Pl)f{ci + PlWi + /32W2)- 

Notice that <F(x, y) = f{a + xui + yu!2), we get our result. 


3. Proof of Corollary 11.41 


In this section, let 

(3.1) 

We have 

(3.2) 


f(a,x,y) = 


[a + xwi + yw2Y 


^(x v\ = /- ”’1 

dx ' ' (a + XWI + vw-2)>=*'' 


(3.3) 


ay 

dxdy 


{x,y) = k{k + l) 


W 1 W 2 


{a + xwi + yw2)^~^‘^ ’ 
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(3.4) 


?l(x y\ = k 

(a + iwi + !/TO2 )*+i ’ 


(3.6) 

and 

(3.6) 

We have 

(3.7) 


\^_i, _!£;_ 

dx {a + Nwi + yw2)’^~^^ 


N) = k 

dy ' (a + xwi + Nw2)’^~^^ 


\f{a,N,y)\ = 




= k 


a + Nwi + yw2\’^ 

kil 


\a + Nwi + yw2\’^~^^ 
uniformly for y G [0^2 5/92], and 

\f{a,x,N)\ = ^^ 

1(7, -I- T.in 

(3.8) 


—)■ 0 , 

—5-0 as iV —)■ cx), 


dy 


(x,iV) 


= k 


a + xwi + Nw2 I ^ 

ksl 


a + xtoi + Nw2\^^^ 


—)■ 0 , 

—)■ 0 as —>■ 00, 


uniformly for x G [ai,/ 9 i]. 

Thus, by taking ai = —N, / 9 i = N, a2 = yo + ^, (^2 = N and /(a, x, y) = 

(a+raW,)t “ C 3 . thcii letting N ^ CO, we have 
(3.9) 

E E 

yQ-\-€<m<oo —oo<n<oo 


1 


^00 /‘CO 


(a + nwi + mw2)^ 7 j;o+e J-oo L (« + + 11^2)’' 


-k 

-k 


Wi 


(a + xwi + 

W2 

(a + xtoi + ?/ta2)^’''^ 
W1W2 


Pi{x) 

Piiy) 


k{k + l) 


+ 


(a + xwi + yw2)'^~^‘^ 
1 


k 


_oo L(a + xwi + {yo + e)w2)’^ 

Wi 


Pi{x)Pi{y) 

PiiVo + e) 


dxdy 


{a + xwi + (1/0 + 


Pi{x)Pi{yo + e) 


dx. 
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Similarly, we have 
(3.10) 

E E 

—oo<m<yQ—e —oo<n<oo 


f*yo—e poo 


{a + nwi + mw 2 y 


- k 

- k 


Loo L(« + ^^1 + y'^‘ 2 )'' 

Pi{x) 

Piiy) 


{a + xwi + yw 2 Y^^ 

W 2 

(a + xwi + yw2)^~^^ 

W1W2 


k{k + l) 


(a + xwi + yw 2 Y^‘^ 
1 


-00 L(« + + ( 2/0 - (^^ 2 ^ 

Wl 


Pi{x)Pi{y) 

Pi{yo - e) 


dxdy 


_l_ _ 

(a + xwi + ( 1/0 - e)w 2 Y^^ 
Since a ^ W, for arbitrary small e > 0, we have 

(3,11) 

E -5-= E E -^- 

^ ^ (a + nuji + mu 2 )’^ ^ ^ (a + nwi + mw 2 Y 

(n,m)£Z^ ' j/0+e<m<oo -co<n<cxD ' ' 

+ E E 

—oo<m<yo~^ —oo<n<oo 

from (I3.9p and (I3.10p . we get our result. 


Pi{x)Pi{yo - e) 


dx. 


(a + nwi + mw2)^^ 
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